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P_i ■ Abstract 

^; I We consider in this paper a reaction-diffusion system under a KPP tiypotfiesis in 

'3 ' a cylindrical domain in the presence of a shear flow. Such systems arise in predator- 

s' ■ prey models as well as in combustion models with heat losses. Similarly to the single 

equation case, the existence of a minimal speed c* and of traveling front solutions for 
every speed c> c* has been shown both in the cases of heat losses distributed inside 
the domain or on the boundary. Here, we deal with the accordance between the two 
models by choosing heat losses inside the domain which tend to a Dirac mass located 
^v^ I on the boundary. First, using the characterizations of the corresponding minimal 

^O ■ speeds, we will see that they converge to the minimal speed of the limiting problem. 

Then, we will take interest in the convergence of the traveling front solutions of our 
^^ I reaction-diffusion systems. We will show the convergence under some assumptions 

f— ^ ' on those solutions, which in particular can be satisfied in dimension 2. 



1 Introduction and main results 



ri , The models and their background 

We consider reaction-diffusion-advection systems in a cylindrical domain Q = 'RxXujyG M"^ 
where cj is a smooth bounded domain of M.'^~^. The existence and qualitative properties 
of the solutions of such problems have been extensively studied over the years both in the 
single-equation [3l HI [12] and the two-equations |2l [9l [TOl [HI [13] cases. Those references 
describe various situations, in dimension 1 or more, within homogeneous or heterogeneous 
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framework, and with various assumptions on the nonhnearities arising in the system, such 
as KPP or ignition hypotheses. For large reviews of this mathematical area, we refer the 
reader to [H [6l [16]. This variety reflects the diversity of the processes which can lead to 
such systems, ranging from chemical and biological to combustion contexts [T3 | I15 | . 

In particular, in this paper, the issue at stake is the accordance between two reaction- 
diffusion-advection problems in Q with heat losses. For a better knowledge of those models, 
we will refer the reader to [21 El [ID], where they have been introduced. Note that here, we 
chose to invoke the "combustion" terminology, hence the term "heat loss". We will also 
refer to the unknowns functions Y and T as, respectively, the combustant concentration 
and the temperature. 

Let us now present the two models. First, when the heat loss (denoted by h) can take 
place in the whole domain Q, we consider the following system, described in [7]: 

T, + n(y)T,, = AT + f{y, T)Y - h{y, T), 

Yt + u{y)Y, = Le"i AF - /(y, T)Y, ^ ' ^ 

with Neumann boundary conditions 

dT dY 

— = — = on afi, (1.2) 

on on 

where n denotes the outward unit normal on dVt. 

Then, in the case of a heat loss (denoted by qT) on the boundary, we consider the 
following system, described in |2[ [TO]: 

T, + M(y)T. = AT + /(y,T)y, 

Yt + u{y)Y, = Le-^AF - /(y, T)Y, ^ ' ^ 

with Robin boundary conditions 

dT 

-— + qT = Oon OQ, 

^— = on on. 

on 

Note that in both systems 01. ip and 01. 3p . the Lewis number Le is the ratio of the 
thermal diffusivity and the diffusivity of the reactant, and may be an arbitrary positive 
number. Besides, f{.,T)Y is the reaction term, raising the temperature while consuming 
the combustant, and u is the shear flow of the medium, which will be assumed to have 
zero average and does not depend on the x- variable: that is, the flow is invariant along the 
cylinder, and divergence free. 

As mentioned before, those systems have a wide range of applications, and also describe 
predator-prey situations [13]. The unknowns T and Y would then be replaced by the 



density of two species, U and V, where the former is the predator and the latter the 
prey. In this context, our interest in travehng waves is a way to study the invasion of the 
prey-populated medium by the predator. The "heat loss" would then be interpreted as 
the death rate or as a saturation effect for the species U. In the former, the death rate 
of the predator U may be caused by a human influence, which may intervene inside the 
medium or on its boundary. In the latter, the saturation may be caused by an intra-species 
competition. In both cases, it can be reasonable to assume that the intrinsic death rate 
and the saturation for the prey V are negligible compared to the other parameters. 

As we are interested in traveling front solutions of those problems, we look for solutions 
of the form T{t, x, y) = T{x — ct, y), Y{t, x, y) = Y{x — ct, y) for some c G M, and such that 



r(+oo,.) = 0, F(+oo,.) = l, 

r,.(-oo,.) = i;.(-oo,.) = o. 

Physically, that means that we search solutions such that the right side of the front is a cold 
region with a strong presence of the combustant (or, in a biological context, is populated 
only by the prey), while the left side of the front is left free. Moreover, to make physical 
sense, we impose on the solutions to verify T > and < F < 1 (the inequalities are 
strict in order to avoid trivial solutions). 

Assumptions, notations and known results 

Before we enounce the main results of |7j and |2i [lOj, we remind the main hypotheses. 
We assume first that u G C°'"(cJ) (for some a > 0) and that, as said before, it has zero 
average: 

u{y)dy = 0. 



Moreover, the heat loss coefficient q is assumed, as in [21 [TD], to be a positive constant, 
although the results in the mentioned papers and in this article could be generalized to 
smooth positive functions on du. 

The functions / and h are in C^{uJ x [0, +oo);M) and there exists sq > such that 
the sets of functions {f{y, •))yGaj and {h{y, .))yew are bounded in C^'"([0, sq); M). Lastly, / 
verifies: 

/(.,0) = < /(.,T) < ^(•,0)T, ^ > for all T > 0, and /(.,+oo) = +cx); (1.6) 

and h satisfies: 



^ /i(., 0) = < — (., 0)T < h{., T) < KT for all T > and some JsT > 0, 

dh , 

— iy,0)dy>0. 



;i.7) 



The KPP-type hypotheses will allow us to determine the behavior of systems f ll.ip - fll.2p 
and f ll.3p - fll.4p by comparisons with the linearized problems. The positivity of the integral 
of ^(.,0) insure that the heat-loss is non trivial. For a more precise information about 
the role of those hypotheses, we refer to [21 [TJ [TO] . 

Next, in order to characterize the minimal speeds of the solutions of the two systems 
fll.ip -f TTT^ and f ll.3p -f TT7^ . we introduce some eigenvalue problems that arise from the 
linearized systems ahead of the front (that is, with T = and y = 1). For A G M, 
let (yU/i(A), (ph^x) be the principal eigenvalues and eigenfunctions of the following system: 

f dh Of \ 

-A(f)h^x - >^u{y)(j)h,x + ^(y, 0) - -^pfiy, 0) (f)h,x = f^hW(l)h,x in u, 

\0-^ o^ ) (1.8) 

= on auj. 



dn 

That is, fihW is the unique eigenvalue of fll.Sp that corresponds to a positive eigenfunc- 
tion (l)h,x- Nonnegative solutions of the form T(t, x, y) = (j){y)e~^^^~^*^ of the linearized 
system fll.ip -f TL2|) with T = and Y = 1 only exist if = 0a and fihji^) = A^ — cA. For 
the conditions fll.Sp ahead of the front to be satisfied, the real number A must be positive, 
thus the need of assumptions on fihj and c, which will be enounced later in this paper and 
will in fact guarantee the existence of traveling waves (see Theorem 11.11 below) . Similarly, 
let also {i'g{X),iljqx) be the principal eigenvalues and eigenfunctions of the system: 

df 

-A^g,A - Xu{y)ijq,x - -^fiy, 0)^9,A = i^qWijg^x m u, 

fF (1-9) 

-o \- Qi'q,x = on du. 

This system arises from the linearization of fll.3p - fll.4p with T = and Y = 1. We can 
normalize (f)h,x and ipq^x in L'^{uj) norm, that is: 



'>h,X\\2 = \\(Pq,X\\2 



;i.io) 



We now enounce some properties of ^'^(A) and fihW that will be needed throughout this 
paper. First, we remind that under the L^-normalization f ll.lOp : 



Hh{X) = inf 



\V(l>iy)\'dy-X / uiy)(l>\y)dy 



dh^ ^, df , ^, \ ^2, 



+ / [gfiy,0)-^iy,0)]riy)dy 



'1.111 



\V(j)hAy)\^dy - X / u{y)<f)lAy)dy 

J Ul 

+ l[^{y,0)-^{y,0)yUy)dy, 
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Uq{X) = inf 



\V<Piy)\'dy-\ uiy)<p\y)dy 
+ 1 q^^ - I ^iy,0)^\y)dy 



\Vi:g,x{y)\^dy - X / u{yW {y)dy 




(1.12) 



It follows from the above that the functions yU/i(A) and i^q^X) are concave, as an infiniuni 
of affine functions of A. Lastly, elementary calculations lead to, for all A G M: 

uiy)<Pl,x{y)dy, 

(1.13) 

uiy)^lxiy)dy- 

We can now express the minimal speeds of problems (ll.ip - (ll.2p and (ll.3p -( TT7^ with con- 
ditions at infinity 01.50 as: 

cl = mm{ceR/3X>0,fihiX) = X^-cX}, 

cl = min{c G M/3A > 0, z/g(A) = A^ - cX}. ^ ' ' 

We assume in this paper that: 

' /i/.(0) < 0, 

i^M < 0. 

Then, by concavity of /i^ and Ug with respect to A, the minima in 01.14p are well defined. 
The known existence results for problems (II. 10 - 01. 2p and (ll.3j) - (ll.4p are summed up in 
the following theorem: 

Theorem 1.1 (PI IZl HO]) Under the above hypotheses, we have that: 

(a) If fih{0) < 0, there exists a traveling front solution of Oi.il) - Oi.^) and i . 5|) with 

speed c if and only if c> cj^ and c> 0, 

(6) If i>q{0) < and c > max(c*,0), then there exists a traveling front solution of 

(li.3p -( [7!71 ) and (I J . 5|) with speed c. Conversely, if there exists a traveling front solution of 



(li.5p-([7T7D and (1 1 . 5\i with speed c, then c> c* and c > 0. 



Main results 

In this paper, we first prove the following result on the convergence of the minimal speeds: 



Theorem 1.2 Let (/ifc)fcgN be a sequence of functions verifying (1 1 . 71) with h = hk for 
all A; G N, and such that: 

gi, 

3ek \ such that ——(.,0) — t- uniformly in u)\{duj + 5(0, e^)), (1-15) 



^k 



dh,^ 0) 



dT 



= 0(1), (1.16) 

L°°(aj) 

(7(0"):= / efc— — (cr — £:A;Sn(cr), 0)(is — > q uniformly in a E du. (1-17) 

Jo (^T 

Then fih^ — )■ Ug locally uniformly and for any A G M, the sequence {(f)hk,\)ken of the 
L"^ -normalized principal eigenf unctions of {\1.8^ is bounded in H^{u) and converges to the 
principal eigenfunction ipg^x of {\ 1 . 9^ strongly in L'^{uj) and weakly in H^{u). 

Furthermore, if Vqiff) < 0, then c\ — ;■ c* 

Theorem 11.21 will rely on the Lemma 12. H that is the uniform convergence of the se- 
quence (-g^(., 0))A;eN toward the Dirac mass qdsuj on any sequence of functions bounded 
in H^{u). This is in fact the important assumption on the sequence {hk)ken, but we chose 
in Theorem 11.21 a more convenient hypothesis to give a better view of the admissible hk- 
For instance, the h^ defined as 

hk{y, T) = ^(y, 0) T = 3P (^min (^0, d{y, du) -^^\ T 

verify the correct assumptions with Sk = \ and q = 1. Since we assumed that hk belongs 
to C^ (cJ X [0 ,+00 );M), we can not define -^(.,0) as a constant or an affine function 
of (i(., du) near du^ and elsewhere. Still, we can also define -ff^{-^ 0) as a constant or an 
afiine function of (i(., du) near du and extend it so that -g^(., 0) G C*^(cJ) and -^(., 0) = 
outside of a neighborhood of du. More generally, we can easily use standard approxima- 
tions of a Dirac mass in dimension 1 to generate suitable sequences for Theorem 11.21 

We also want to study the convergence of the traveling front solutions of the problem 
(ll.ip -f lTT^ with the conditions at infinity 01.5|) . when h converges to a Dirac mass with 
the same assumptions as in Theorem 11.21 We recall that (T, y) = {T {x , y) ,Y {x ., y)) is a 
traveling front solution with speed c G M of (II. ip when: 

AT + (c - u{y))T, + /(y, T)Y - h{y, T) = 0, 

Le-'AY + (c - u{y))Y, - f{y, T)Y = 0. ^ ' ' 

with Neumann boundary conditions (II. 2p and conditions at infinity (II. 5p . Similarly, (T, Y) 
is a traveling front solution with speed c G M of (II. 3p when: 



AT+{c-u{y))T, + f{y,T)Y = 0, 
Le-'AY + (c - uiy))Y, - f{y, T)Y = 0. 



-1... , . _. ^... .. ^... . (1-19) 
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with Robin boundary conditions fll.4p and conditions at infinity 01.51) . To ensure the 
accordance between our two models of the heat-loss, we want to show the convergence 
of the solutions of fll.l8p -( lL2|) and ( 1T3|) for some speed c to the solutions of (ll.l9p - (lLi|) 
and (11. 5p with the same speed, when h is replaced by a sequence {hk)keN converging to 
the Dirac mass q6gcu with the same assumptions as in Theorem 11.21 The main difficulty 
is the lack of bounds on h^, and thus the lack of estimates on the corresponding sequence 
of temperatures T^. In particular, we would need H^ estimates on the temperatures in 
order to use Lemma [2?!] on the convergence of the hk on any H^ -bounded sequence toward 
a Dirac mass, that is the lemma we use for the convergence of the eigenvalue problems. 
Another difficulty is the impossibility to use Harnack inequality, so that even when our 
sequence of solutions converges, the limit may be trivial: for instance, the temperatures 
might tend to be concentrated on a single point, hence a regular limit could only be zero. 
Therefore, the general case is still open. Here, we will only consider particular so- 
lutions of fll.l8p - (ll.2p and (11. Sp . which satisfy some exponential bounds from below and 
above, in order to overcome the above difficulties. Then, the bounds are proved to hold in 
dimension d = 2, leading to the desired convergence result in this case. 

Theorem 1.3 Let (/ia;)a:gn be a sequence of functions verifying {\1.1 51) . i\l.l 61) . {\1.1 71) and (I J . 7p 
with h = hk for all fc G N, and such that hk{y, .) is linear for all y ^ ZJ and A; G N. Let 
also (Tfc, Yfc) a sequence of non-trival solutions of problem (\L18{) - (\L2) with h = hk, c > c*, 
and verifying the conditions at infinity (I i . 5|) . and let {Xk)k&'N be a sequence of positive real 
numbers such that for any k ^N, we have: 

We assume that there exist < Ai < A2 and Ci, (72,6*3 > such that for all k E N 
and {x,y) G Q: 

Tk{x,y)<Cie-^''^, (1.20) 

max(0, Cse-^^^ - C^e-^^ < Tk{x, y), (1.21) 

Then up to extraction of a subsequence, (T^, Yk) converges weakly in Hl^J^Q) and strongly 
in Lf^^{VL) to a non trivial solution (T, F) of problem (I j.j^) -( [77^ and (1 1 . 5\} . 

Remark 1.1 In this theorem, we added the assumption that hk is linear in the T -variable. 
Indeed, in Theorem \1.2\ where we only considered the eigenvalue problem (1 1 . 81) . we only 
made assumptions on -^(.,0). Here, we need to make sure that the term "hk{y,T) " in 
our equation ( \1.1^ will tend to qSg^^T, hence the linearity assumption. 



The hypotheses of Theorem 11.31 may in fact be weakened. For instance, the hypothe- 
sis (ll.2ip could be replaced by any function positive on a non trivial set in Q. The choice 



of those exponential bounds in fact come from the sub and super-solutions that have been 
used in [7J to construct solutions of f ll.lSp -f lTT^ and fll.Sp . More precisely, we know that 
there exist, for each k and c > c^^ , solutions of (I1.18p - (ll.2p and (11. 5p with h = hk that 
fulfill similar exponential bounds. The issue is then to make those bounds independent 
of /c G N, in order to exhibit some particular solutions satisfying the assumptions of The- 
orem 11.31 In fact, the construction of sub and super-solutions aforementioned and used 
in [7], rely on some strong estimates on the principal eigenf unctions of fll.Sp . which can be 
made independently of A; G N only in dimension 2 (rf = 2), where /7^(u;)-estimates imply 
C°'-'^/^(a;)-estimates. 

The discussion above will lead to the following corollary of Theorem 11.31 

Corollary 1.1 Let (/iA,-)fceN be a sequence of functions verifying (I i . J 5p . f I J . J 6]) . f I J . i 7p 
and f I i . 7p with h = h^ for all k E N and such that hk{y, .) is linear for ally EuJ and fc G N. 
In dimension d = 2, up to extraction of some subsequence, there exists a sequence of solu- 
tions of problem (\1.18{) - (\1.^ and f 1 1 . 51) with h = hk, c > max(0,c*), that converges weakly 
in Hl^^{Q) and strongly in Lf^^[Q) to a non trivial solution {T,Y) of problem fIJ. igp - pT^l ) 
and n% . 

In spite of all the difficulties aforementioned, we think that this result is only a ffist step 
and in fact holds in a more general case. In particular, we hope that the study of the 
exponential behavior of any solution of fll.l8p - fll.2p and f ll.Sp . which will be a subject of 
interest in a forthcoming paper, will allow us to apply Theorem 11.31 to a larger set of 
solutions. 

Plan of the paper 

Theorem 11.21 will be proved in Section [2j The use of Lemma 12.11 on the principal eigen- 
functions of problem ( II. 8p and (ll.9p will allow us to prove the locally uniform convergence 
of the eigenvalues {fik{^))kef>i toward t'g(A). Lastly, we will end the proof by showing the 
convergence of the minimal speeds. 

Theorem 11.31 will be proved in Section [3l We will ffist show Lemma 13.11 which gives 
a uniform exponential bound from below on the sequence {Yk)k near +oo. Then, the 
bounds from above will allow us to obtain Hl^J^Q) estimates on the sequence (T^, Yk)k&n 
and thus its convergence toward a pair (T, y). Then, the same lemma as in the proof 
of Theorem 11.21 will imply that (T, F) is a solution of fll.l9p -f lT7^ . The fact that it is 
non trivial will immediately follow from (ll.2ip and Lemma 13. 1[ and so will the behavior 
of (T, y) near -t-oo. Lastly, the behavior of (T, F) on the left, near — oo, will be proved 
using fll.20p and a lemma from [10], stating the boundedness of a solution of (I1.19p - (ll.4p 
when it is bounded from above by an exponential of the form e~^^ with A^ — cA = t'q(A) 
(we include its proof at the end of Section [3] for the sake of completeness). 



The Section H] will deal with the proof of Corollary II. 1^ although for convenience, we 
will refer the reader to [^ for the precise proof of the existence of solutions between the 
introduced sub and super-solutions. 

2 Convergence of the principal eigenvalue problems and 
of the minimal speeds 



We deal in this section with the proof of Theorem 11.21 As mentioned before, we begin by 
a lemma before we study the convergence of the principal eigenvalues and minimal speeds. 

2.1 A useful lemma 

We prove here a lemma, that is the convergence of the sequence {-g^{-, 0))km toward the 
Dirac mass qSgco in the following sense: 

Lemma 2.1 Let {(f)k)km be a bounded sequence of functions in H^{uj). Then, up to extrac- 
tion of some subsequence, the sequence converges weakly in H^{u) and strongly in L'^{u)) 
to a function (p such that: 



lim/^(.,O)0^^/ 



Proof. Let us first note that since {(j)k)k is bounded in H^{uj), we already know that 
up to extraction of a subsequence, it converges weakly in H^{u}) and strongly in L'^{<jj) 
to a function (f). Moreover, it follows from the traces theory that ((0fc)|Ow)fc is bounded 
in W'^''^''^{dijj). Thus, up to the extraction of some subsequence, it converges in L'^(duj) to 
the trace (piouj. That is, we have for any A G M, as A; — )■ +oo: 



did J duj 



Therefore, it now remains to show that 

dhk. 



From the hypothesis (11.151) and the L^-bound on {(f)k)keN, by noting Fe^. =ujr\{duj+B{0, £k)), 
we only have to prove that: 



dT 



r„, ^-L Jdi 



•,0)0^- / g0^->O. (2.1) 



Let the function d be the distance from the boundary du. It follows from the coarea 
formula that for Ek small enough (that is, for a sufficiently large fc), we have: 



£k 



d-i(s)nr. 



dhk 
dT 



,0)cl)l]ds 



dhk 
P 'df 



.,0)0^ 



For Sk small enough and < s < ^fc, we can parametrize d ^(s) fl r^^ by 2; — sn{z) 
where z G du and niz) is the outward normal unit of du on z. We then obtain: 



;i+o(5fe)) 



£k 



\Jd-^{s)nTe 



dhk 

— -[ 
dT 



,0)02 Us 



£fc 



9T 



2 — sn{z), 0)4>k{z — sn{z)Y dzds 



Jduj 

/ £k-^iz - eksn{z), 0)(j)kiz - eksn{z)fdzds. 

We then have on one hand: 

dh 

^k^^{z - eksn{z), 0) {(f)k{z - ekSn{z)Y - (pkizf) dzds 

Jdu 01 

/ Ekj^iz- eksn{z),0) 2ek(t)k{,z - ekTn{z))W(t)k{,z - ekrn{z)).n{z)dTdzds. 
iow f^-' Jo 

Thus, with the hypothesis (11.161) on h: 

£k^f{z - Sksn{z), O)(0fc(z - ekSn{z)Y - (j)k{zf)dzds 
^C / / 2ek\4'kiz — ekTn{z))\/(f)k{z — ekTn{z)).n{z)\dTdzds. 

Jo Jduj Jo 



From the coarea formula, with the notation Fg^. ,, = {du + ^(O,^^^)) H w, we then obtain: 

dh 

£k^^{z - €ksn{z), O)(0fe(2; - 6kSn{z)f - (t)k{zf)dzds 

<C{l + 0{ek)) [ I / 10^1 ||V0fc|| ]ds 
Jo \Jr„,.s 



<C"'||(/)fc||L2(r^^^^) 
->0. 



(2.2) 
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Here, we used the fact that the sequence {4>k)k is bounded in H^{uj), and converges strongly 
in LF'ioj). On the other hand, it immediately follows from fll.l7p that 



ekj^{.,0){z-eksn{z))(j)k{z) dzds- g^^ -^ 0. (2.3) 

Then, (12. 2p and f l2.3p imply (12.10 . which concludes the proof of Lemma [2.11 D 

2.2 Locally uniform convergence oi fih^ to Uq 

We now begin the proof of Theorem 11.21 Let us fix A G M. It follows from ( II. lip that 

^^fe/.. nN ^//.. mnA ,,.2 



/ih.(A)<y \V^,Ay)rdy ~ X J u{y)ijix{y)dy + J ^-^{y,0) - ^{y,0) j ^^^dy, 

where '?/'g,A is the principal eigenfunction of (ll.9p normalized so that ||'?/^q,A||L2(a;) = 1- More- 
over, by Lemma [2.11 and since ipg^x G H^ (u), we have that 

Thus, by passing to the limit and using (11.121 ). we obtain that for all A G M: 
limsup/ih^(A) 

< I \Vi^Uy)?dy-\ I u{y)i^lx{y)dy+ I qi^l,- ( ^{y^Q)^l^{y)dy 
= ^.(A). (2.4) 



We can also deduce that the sequence (fih^(X))k is bounded for all A G M. Indeed, it is 
bounded from above because of (12.41). and it is also bounded from below thanks to the 



first part of (II. lip (from -^(.,0) > for all k and since u and ■^{■,0) are bounded). 
Thus, up to the extraction of a subsequence, we can assume that Hhki^) converges to some 
limit /i(A). We now want to show that /i(A) = t'q(A). From (II. lip , we have that: 

\^KAy)\'dy-xfuiym^,iy)dy+ f (^(z/, 0) - ^(y, 0)] 0^^„,(y)dy 



f^HW^l^.^{y)dy. 

We know that u and ^(.,0) are in L°°(u). Since -^(.,0) > 0, ||0/i^,a||2 = 1 and since the 
sequence {fJ'hkW)k is bounded, it then follows that for all A G M: 



sup I / |V0ft,,A(l/)|^rf|/) < +CX). 
fceN \Ju; J 
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Therefore, for all A G M, the sequence {(f)hk,\)k is bounded in H^{uj). Up to the extraction 
of some subsequence, we can then assume that there exists (f) G H^{uj) such that: 

4'hk,x -^ 4> weakly in H^{(jj), strongly in L'^{u). 

We consider each term in fll.lip in order to pass to the limit in /c — )■ +00: 



hminf f \V<PH„xiy)\'dy > I |V0(y)prfy, 

J UJ J U) 



-A / u{y)(t)l Ay)dy ^ -A / u{y)^'^{y)dy 



%{y, o)may)dy ^ " / ^(^' ^))<f>"(y)dy- 

Here, we only used the weak convergence of the sequence {(f)hk,x)k in H^{u) and its strong 
convergence in L'^{u). Lastly, from Lemma I^TT] and up to extraction of some subsequence. 



Therefore, by passing to the limit in fll.lll) : 



MA)> [\V<Piy)\'dy-\ [u{y)<p\y)dy- f ^(y,0)^\y)dy + f q^\ 

From (I1.12p . it implies that i'q{\) < /i(A) (since ||0||2 = 1) and it is in fact an equality 
from (12 ■4p . By uniqueness of the limit, we have proven the simple convergence of /^^^.(A) 
toward z^g(A). 

Here, we have also shown that 



z/,(A)= / \W<P{y)\'dy-X u{y)<P\y)dy + / g0^ - / ^{y^Q))^\y)dy 

where is the limit, up to extraction of some subsequence, strongly in L'^{uj) and weakly 
in H^{u), of the sequence {(l)hk,x)k of the L^-normalized principal eigenf unctions of pro- 
blem (ILSp . Thus, by nonnegativity of {(t>hu,\ nonnegative for all /c G N, and ||0||2 = 1) 
and by uniqueness of the limit, the whole sequence {(f)hk,\)k converges strongly in L'^{u)) 
and weakly in H^{u) to the L^-normalized principal eigenfunction ipg^x of problem (II. 9p . 

Moreover, we remind that for all A G M (see (IL13P ): yU^ (A) = —J u{y)(j)1 ^{y)dy. 
Thus ||yU^ ||oo < ll^lloo||0/ifc,A||2 = ll^lloo- It then follows from the Dini theorem that 
fihkW ~^ ^qW as A; — 7- +00 uniformly on any compact subset of M. 
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Remark 2.1 The results above will be used to control the variations of the {4>hk,\)k ^'^ 
dimension 2 in order to prove Corollary \l.l[ In fact, we will use a little more general result, 
where A is replaced by a converging sequence {Xk)k- This sequence would then be bounded 
and the H^ -estimates above on the eigenf unctions would still hold. One could easily check 
that we would then obtain the convergence of the L'^ -normalized principal eigenf unctions 
of problem (\1.^ with A = A^ toward the L"^ -normalized principal eigenfunction of pro- 
blem f I i ■ ^ with A = limAfc. 

2.3 Convergence of the minimal speeds 

We first show the following lemma, which will be used several times throughout this paper: 

Lemma 2.2 Under the hypotheses of Theorem \1.2\ let c E M., {ck)keN o^nd {\k)ken such 
that Ck — ;■ c and for all A; G N, fihki-^k) = -^l ~ '^k^k- Then the sequence {Xk)keN is bounded 
and z^g(Aoo) = A^ — cAqo for any accumulation point Aqo- 

Proof of Lemma 12.21 Let {ck)k&i and {\k)ken such that Ck ^ c E M. and that for 
any A; G N, ^h^i-^k) = ^l ~ CkXk- The sequence {Xk)ken is bounded, since by concavity of 
the /i/jj,: 

xl-CkXk<fihM + f^'hM^k, 

and from the fact that the sequences {ck)k, {t^'h (0))fc and (/i/j^(0))„ are bounded. Let 
now Aoo be an accumulation point of the sequence (A„)„. By the uniform convergence 
of Hh^. on any compact, we deduce that A^ — cAoo = t'g(Aoo)- D 

We now get back to the proof of Theorem IL2[ and assume that t'g(O) < 0. Note that 
this hypothesis hadn't been used in the proofs above, which thus hold whether or not the 
minimal speeds are well defined. By uniform convergence of /i/i ^ toward z/^, we can also 
assume up to extraction of some subsequence that /i/i^(0) < for all A; G N. Under those 
assumptions, we define the minimal speeds c* and c^ for any A; G N as in fILMp . We now 
show that c*!^ — > c* to conclude the proof of Theorem 11.21 

First, let c > c* There exist e > and A > such that A^ — cA < z^q(A) — e. Then, 
for sufficiently large A;, we have A^ — cA < /i/i^(A). Therefore, since /^/^.(O) < for all A;, we 
have that for k large enough, there exists A' > such that 

A'' -cA' = /.,,( A'). 

Hence limsupcj^ < c for all c> c*^, and then 

limsupc^^ < c*. (2.5) 

We then deduce that the sequence (cjj )k is bounded. Indeed, it follows from (12. 5 p that 
it is bounded from above. We also have that c\ > —fi'f^ (0) (by concavity of ^hk), and 
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thus the sequence is bounded from below (remind that the sequence (yU^ )k is bounded 
in L°°). We can now assume, up to the extraction of a subsequence, that c^ converges to 
some c G M verifying c < c* 

Let (Afc)fc be a sequence of positive real numbers such that A^ — cj^ A^ = fihf,{^k) for 
all fc G N. By Lemma 12. 2[ this sequence is bounded and up to the extraction of some 
subsequence, we can assume that A^ converges to a A G M^ such that A^ — cA = t'g(A). 
Besides, since z/q(0) < 0, we have that A > 0. Therefore, c* < c and c = c* By uniqueness 
of the limit, we have shown that limfc_i.+oo c^^. = c* for the whole sequence, and the proof 
of Theorem 11.21 is complete. D 

3 Convergence of some solutions 



We now begin the proof of Theorem IL3I We recall our assumptions: {hk)keJ>i is a sequence 
of functions verifying fILlSp . f ll.l6p . f ll.l7p and (11. 7p with h = hk for all A; G N, and such 
that hk{y, .) is linear for all y G cJ and A; G N. We let (T^, Y^) be a sequence of solutions of 
problem (ll.lSp -f lTT^ and (II. 5p with h = h^, c> c*, and such that < T^ and < Y^ < 1. 

Let also {Xk)km be a sequence of positive real numbers such that A^ — cA^ = fih^i^k) 
for any A; G N. Lastly, we assume that there exists < Ai < A2 and Ci, C2, C3 > such 
that for all A; G N and (x, y) G H, (T^, Yk) satisfy (IT:20|) and (IL^ . 

Let us first note from Lemma [2l2] that up to extraction of some subsequence, A^ — )■ Aoo 
such that 

A^ -cAoo = «^<7(Aoo)- (3.1) 

Moreover, since the real numbers A^ are positive and since z^g(O) < 0, we have that A^o > 0. 
This important fact will be used several times along this section and the next one. In par- 
ticular, with the hypothesis (ll.20p . it implies that the sequence {Tk)k is locally bounded. 

We also recall the following theorem from [7], giving some qualitative properties of the 
traveling front solutions of (I1.18p - (ll.2p and (II. 5p : 

Theorem 3.1 Let ic,T,Y) be a solution of ([Tl^ - ([r^ and ([USD such that < T and 
< F < 1. Then T is bounded, T(-oo, .) = 0, Y{-oo, .) = Y^ e (0, 1). 

3.1 Exponential bound on (Yfc)fceN 

Lemma 3.1 Under the hypotheses of Theorem \l.!% there exist /3 > and 7 > such that 
for any A; G N .• 



max 



(0, 1 - ^e-^^) < n < 1. 
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Proof. It has already been said that Y^ < 1 for all A; G N, which comes from the fact that 
we only consider non-trivial solutions. We introduce the following principal eigenvalue 
problem (13. 2p . depending on a parameter A G R: 

-AyXA - Am(i/)xa = p(A)xa in w, 

dxx , . (3-2) 

— — = U on ouj. 

on 

This is the same principal eigenvalue problem as (11. 8p and (II. 9p . with q = h = f = (the 
purpose of its introduction is only to simplify some of our notations). In particular, we have 
that p(A) is concave. Furthermore, (I1.13P with h = f = 0, together with the fact that any 
positive constant is an eigenfunction of ( 13. 2 p with A = 0, imply that p(0) = p'(0) = < c. 
The fact that c is positive follows from the first part of Theorem I l.H proved in [7], stating 
that traveling front solutions only exist with positive speeds. 
One can then choose /3 > small enough so that 



< /3 < inffegN Afe, 

p(/3Le) - /32 + c/3Le > 0. ^ ' ' 

Note that since each A^ is positive and as A^ — t- Aqo > up to extraction of some subse- 
quence, we indeed have that inf^gN Afc > 0. Let also 7 > large enough so that 

7 X niinx/3Le > 1, 

7Le-^ (p(/3Le) - /3' + c/3Le) x mm x^Le > Ci max ( ^ (y, 0) ) , 

a; yeuj yol J 

where X/SLe is the positive eigenfunction of ( 13. 2p with A = /3Le, normalized in such a way 
that ||X;SLe||L°o(a;) = 1- Let F be defined by 

Y{x,y) = max(0, 1 - lX^Le{y)e~^''). 

Note that F = for x < 0. Let us check that for any fc G M, F is a sub-solution for 
(IL18p -( lL2|) with T = Tk and h = h^. Note first that Y_ satisfies the Neumann boundary 
conditions on dVt. Moreover, when H > 0, then a; > and 

Le-i AF + (c - u{y))Y, - /(y, n)Y 

> 7Le-i(p(/3Le) - /^^ + c/3Le)x/3Le(2/)e-^^ - C^^{y, 0)e-^'=^(l - 7X(SLe{y)e-^n 

> 7Le-i(p(/3Le) - /J^ + c(3Le)xpLeiy)e~^'' - C.^iy, 0)6"^^ 

>0, 

since / of the KPP-type, and because of ( I3.3p -( 1X^ . 

Besides, we have that y(—oo, .) = < Yj. andy(-|-oo, .) = 1 = Yk{+oo, .) for each A;GN. 
Therefore, it follows from the weak maximum principle in unbounded domains that Y_<Yk 
in Vt. This concludes the proof of Lemma 13.11 D 
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3.2 Hl^{n) estimates on {Tk,Yk) 

For any A; G N, {Tk,Yk) verifies fll.lSp with h = hk, together with Neumann boundary 
conditions and the conditions at infinity (11.51) . We first integrate the equation verified 
by Yk over (— A^, N) x oo where A^ G M+. We obtain: 

Le-i {Yk,,{N, y) - n,,(-iV, y)) + (c - u{y)) (^(iV, y) - ^(-iV, y)) ] dy 

fiy, Tk{x, y))Yk{x, y)dxdy. 

{-N,N)xu} 

But for each k, the left-hand side is bounded independently of A^ (since < Yfe < 1 
and Yk^x/Yk is bounded from the Harnack inequahty for each k) and the function f{Tk)Yk 
is positive, thus its integral over Q converges. Moreover, since for all k, Yfc,x(±c>o) = 
and < Yfe < 1, we obtain by passing to the limit A^ — )■ +oo: 

sup / f{y,Tk{x,y))Yk{x,y)dxdy< / \c - u{y)\dy < +oo. (3.5) 

fceN Jn Jul 

For any /c G N, we multiply by Y^ the equation verified by Y^ and integrate over (— A^, A^) x u: 

dy 
[ f{y,Tk)Y^dxdy + Le-' [ \VYk\^dxdy 

J{-N,N)xui J{-N,N)xuj 

,-1 / IW^/' |2, 



Le-\Yk4N,y)Yk{N,y)-Yk4-N,y)Yk{-N,y)) + ^{c-u{y)XY^iN,y)-Y^i~N,y)) 



>Le-' / \VYk\'dxdy. 

The left-hand side is again bounded independently of A^ G M. Thus 

\VYk\'^dxdy < +oo. 



for all k E N. By passing to the limit as A^ — )■ +oo and using < Yfe < 1, we even have 
that: 

sup / \VYk\^dxdy < — / \c — u{y)\dy < +oo. 
ken Jn 2 J^ 

That is, the sequence (Vyfc)fcGN is uniformly bounded in L'^{Q). 

We now look for Hl^J^Vl) estimates on the sequence (Tfc)^^^- We first recall that the 
sequence T^ is locally bounded, that is, for any K compact subset of fi, we have: 

sViY>\\Tk\\L^(K) < +00. (3.6) 

fc 
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Indeed, this inequality immediately follows from hypothesis fll.20p and the fact that the 

sequence {Xk)keN is bounded (since it converges to Aqo > such that A^ — cAqo = t'g(Aoo))- 

By integrating the equation verified by T^ over (— A^, A^) x u where A^ G M, we obtain: 



{TkAN, y) - TkA-N, y)) + (c - uiy)) {Tk{N, y) - ni-N, y)) 



dy 



hk{y,Tk{x,y))dxdy- / f{y,Tk{x,y))Yk{x,y)dxdy. 

'(-N,N)xui J{-N,N)xui 

Recall that for each k, T^ ^.(±00, .) = Tfc(+oo, .) = 0. Moreover, it has been shown in [^ 
(as reminded here in Theorem 13.11) that Tfc(— 00, .) = fo^' ^my k. It follows, by passing to 
the limit N — >■ +00, that: 



hk{y,Tk{x,y))dxdy = / f{y,Tk{x,y))Yk{x,y)dxdy. 
'n Jn 

In particular, the left integral converges. We then obtain from (13. 5p : 

snp hkiy,Tk{x,y))dxdy< +00. (3.7) 

km Jq 

Lastly, we multiply by T^ the equation verified by T^, and we integrate over (— A^, A^) x u: 
{TkAN, y)UN, y) - TkA-N, y)ni-N, y)) + ^(c - uiy)){T^iN, y) - Tf (-AT, y))] dy 

= / hk{y,Tk)Tkdxdy- / f{y,Tk)YkTkdxdy + / \VTk\^dxdy. 

J{-N,N)xuj J(-N,N)xuj J{-N,N)XLU 

We then integrate over A^ G (M, M + 1) where M > 0: 

cM+l p |- 

dydN 



M 



+ 



M+l 



M 
M+l 



(Tfc,,(Ar, y)TkiN, y) - Tk^-N, y)n{-N, y)) 

dydN 

/■M+l / 

hk{y,Tk)TkdxdydN - 



{c-u{y)){Tl{N,y)-Tl{-N,y)) 

■M+l 



M J{-N,N)xui 

M+l 



M 



f{y,n)YkTkdxdydN 



(3.8) 



{-N,N)xuj 



+ 



M 



\VTk\^dxdydN. 



{~N,N)xui 



For any M eM., the left-hand side is bounded independently of A; G N from Fubini theorem 
and the fact that the sequence {Tk)km is locally uniformly bounded from (13. 6p . Moreover, 
from (13. 5p . (13. 6 p and (13. 7p . we have that 

/•M+l p n 

sup/ / hk{y,Tk)TkdxdydN < sup hk{y,Tk)Tkdxdy < +00, 

fceN Jm J{-n,n)xuj kem J(-m~i,m+i)xui 
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r-M+1 r- r- 

sup/ / f{y,Tk)YkTkdxdydN < sup f{y,Tk)YkTkdxdy < +00. 

keNJM J{-N,N)xuj fcgN J(-M-l,A/+l)xa; 

We then conclude from (13. 8p that for all M > 0, 

sup / / \VTkf'dxdydN < +00, 

fcGN Jm J{-N,N)xlu 

and thus, 



sup / |VTfc| dxdy < +00. 

km J{-M,M)xu] 

That is, the sequence {Tk)keN is bounded in Hl^JVt). 



3.3 Convergence toward a solution of (II. 191) - ( [1.41) 



By the estimates proved above, we can now assume, up to extraction of some subsequence, 
that the sequence (T^, Yfc)fcgN converges to a pair of functions (T, Y) weakly in Hl^J^Vt) 
and strongly in Lf^J^Vt). We now want to prove that (T, y) is a solution of the problem 
(ll.l9P -( IT7i|) and (11. Sp . and we will then show that it verifies the wanted properties. 
Recall that for any n, Y^ satisfies: 

Le-^An + (c - u{y))Yk,^ - f{y, Tk)Yk = in fi, 

with the Neumann boundary conditions on dQ. Since Tk and Yk are at least locally 
bounded independently of n (recall (13. 6p ). since / locally Lipschitz-continuous and from 
the convergence toward (T, Y), it is straightforward to check that F is a weak solution of 

Le-^AF + (c - u{y))Y, - f{y, T)Y = in fi 

with the Neumann boundary conditions on dVt. Recall now that T^ verifies 

ATfc + (c - u{y))Tk,x + f{y, Tk)Yk - hk{y, Tk) = in (] 

with Neumann boundary conditions. Here, the parameters of the equation depend on k. 
Thus, the convergence is not straightforward, although it is true for the weak formulation, 
by the same method we used in the previous sections. Let (p G C^{Q). By multiplying 
the above equation by (p and integrating over Q, we obtain: 

- /"vTfc.V0 + I {c-u{y))n,.<P + I f\.,n)Yk(t) - [ hi.,Tk)(j) =0. 
Jq Jn Jn Jq 

Since T^ converges weakly in Hl^^{Q) and strongly in L'{^^{Q) to T, we have that 

VTfc.V0 ^ / VT.V0 , and /" (c - u(y))Tfc,, -^ / (c - u{y))T, 0, 
n Jn Jn Jn 
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as fc — 7- +00. Since the sequences {Tk)k and (Yfc)^ are bounded in L'^^{Q) and converges 
in Lf^^{Q), and since / is locally Lipschitz-continuous, we have that 



n Jn 

as A; -T- +00. Lastly, since the functions /ifc(l/, •) are assumed to be linear for any y & uJ, 
we have that 

[ h{.,n)<p= [^{.,0)T,<P^ [ qT<p. 
Jn Jn 01 jQQ, 

This result is similar to the Lemma [2TT] in Section [21 with u replaced by Vt. In fact, since 
is compactly supported, one can easily check that the proof of Lemma 12.11 still holds in 
this case. Therefore, we have that T is a weak solution of f ll.lQp with Robin boundary 
conditions. We conclude by standard estimates that (T, Y) is a strong solution of the 
problem firT^ -dTD. 

3.4 Non-triviality and conditions at infinity 

It now only remains to be shown that 0<T, 0<y<l and that T, Y verify the 
right conditions at infinity. Note first that < T and < F < 1 from the convergence 
of (Tfc,Yfc) toward (T, F). Moreover, it immediately follows from hypothesis fll.2ip and 
Lemma [XT] that there exists [x,y) e Vt such that T{x,y) > and Y{x,y) > 0. Thus, 
by the strong maximum principle, we have that T > and Y > everywhere. We now 
assume that Y = 1 somewhere. Again by the strong maximum principle, we then have 
that Y = 1 everywhere. Since F is a solution of flL19p - flL4p . it implies that f{T)Y = 0, 
and thus T = 0, which is a contradiction. 

Let us now show that T and Y verify the conditions at infinity fll.Sp . It is immediate 
that T(+oo, .) = and F (+00, .) = 1 from the exponential bounds in (ll.20p and Lemma [STTl 
(recall that the sequence A^ converges to some Aoo > from Lemma [2.2p . 

In order to deal with the behavior of (T, Y) on the left, we will use the next lemma: 

Lemma 3.2 ||T||loo(q) < +00. 

The proof of this lemma (which echoes a proof of [lOj) is postponed to the next subsection. 



By the same method as in Section 13. 2[ one can check that 

/ f{y,T{x,y))Y{x,y)dxdy < +cx), 
Jn 

And the integral 

\VY{x, y)\^dxdy < +00 (3.9) 



/ 

Jn 



n 
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converges. Let now {xj)j^fq be any sequence such that Xj — t- — oo as j — t- +oo. We define 
the functions Yj{x,y) = Y{x + Xj,y) for each j G N. It follows from standard elliptic 
estimates and the fact that ||T||ioo(Q) < +00 that this sequence is bounded in Wi^^{Q) for 
all 1 < J9 < +00. Therefore, up to extraction of a subsequence, it converges in Clg^{Q) to 
a function Yoo- Because of (I3.9p . we know that Yoo is a constant. Hence, Ke(— 00, .) = 0. 

Similarly, we now integrate equation (I1.19P verified by T over (— A^, N)xu where N > 0, 
and we obtain: 



{T^iN, y) - T,{-N, y)) + (c - u{y)) {T{N, y) - T{-N, y)) dy 



qT{x,y)dxdy 



{-N,N)xduj 



f{y,T{x,y))Y{x,y)dxdy. 



{-N,N)xuj 



By Lemma 13^ and the Harnack inequality, we know that the left-hand side of this equation 
is bounded independently of A^, and that, by passing to the limit as N ^ +00: 



/ qT{x,y)dxdy < +00. 
Jan 



Furthermore, by multiplying the equation (11.191) satisfied by T by T itself, and integrating 
over the domain (— A^, A^) x u with A^ > 0, we obtain: 



{T,{N,y)T{N,y) -T,{-N,y)T{-N,y)) + -{c-u{y)){T\N,y) ~T\-N,y))\dy 



qT{x,yYdxdy + 

{-N,N)xdu] J{-N,N)xu] '- 



IVTI 



f{y,T{x,y))Y{x,y)T{x,y) 



dxdy. 



We conclude that the integral 



/ \'VT{x,y)\'^dxdy < +00 
Jn 



converges. As before, from standard elliptic estimates and since ||T||ioo(Q) < +00, we 
have that T converges to a constant Too near — c». Hence Tx{—oo, .) = 0. 

As a conclusion, {T,Y) is a solution of (I1.19p -( 1T7^ and verifies (II. 5p . which ends the 
proof of Theorem 11.31 D 



3.5 Proof of Lemma 13.2 



Assume for the sake of contradiction that T is not in L°°{Q). Let us first note that from 
hypothesis (ll.20p and Lemma [2. 2 [ we know that: 



<T{x,y) <Cie 



— AooX 



(3.10) 
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for all {x,y) G Q, and where Aqo > satisfies f l3.ip . Hence, the only possibility for the 
function T to grow is on the left, and there exists a sequence {xj, yj)jm in M x ZJ so that 

T{xj,yj) —7- +00 and Xj — )■ —00 as j — )■ +00. (3-11) 

We now want to show that Y{—oo, .) = 0. Since the function \VT\/T is globally bounded 
from standard elliptic estimates and the Harnack inequality up to the boundary, it follows 
that for each R> 0, 

min _T(x,y) — )■ +00 

(x,y)&[xj-R,Xj+B]xZJ 

as j — )■ +00. Let also m = miuyizzj f {y , 1) > 0. We use again the principal eigenvalue 
problem (13. 2p . which we introduced in Section ISTTl As mentioned before, the function p 
is concave and p(0) = 0. Therefore, there exist exactly two real numbers a± such that 
a;_ < < 0;+ and 

Le^^p(— a-i-Le) = Le^^'^a^ + ca± — m. 

We denote by x± the two principal eigenfunctions of problem fl3.2p with A = — a-i-Le, 
normalized so that min^jXit = 1- The functions u±{x,y) = e°'^^x±{y) then satisfy 

Le~^ Au± + {c — u{y))u±^x — 'mu± = in f2, 

^ = onSa 
on 

Fix now any R > and choose A^ G N so that 

min T{x, y) > 1 

{x,y)G[xj—R,Xj+R] XU 

for all j > N. Then, as the function f{y,T) is increasing in the variable T, we have 
that f{y, T) > f{y,l) > m in [xj — R, Xj + R] xuJ for all y G w and j > N. Hence, on the 
same domain, 

Le"^AF + (c - u{y))Yx -mY >0. 

The function Y also satisfies the Neumann boundary conditions on dQ. Furthermore, 
Y < 1 in Q. It then follows from the weak maximum principle that 

V(x, y) G [x, - R, X, +R]xuJ, Y{x, y) < e"^^^-^^~^'>x+{y) + e'^-^'-^^+^h^y). 
Therefore, along the section x = Xj, the function Y is small: 



lim sup I max y (xj , y) ) < max ( niax x+, niax X- 



X (e-"+^ + e"-^) 



Since R > can be chosen arbitrary, one concludes that Y{xj,.) — )■ uniformly in uJ 
as j —7- +00. Let now £ > be any positive real number, and A^ G N such that Y{xj, y) < e 
for all j > N and y EuJ. Since the function Y satisfies 

Le-i AF + (c - u{y))Y, = f{y, T)Y > 0, 
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it follows from the weak maximum principle that Y{x,y) < e for all {x,y) G [a:;j,a;Ar] x uJ 
and j > N such that Xj < x^. Since Xj — ?■ — oo as j — t- +oo, we have that Y < e 
in (— cxD, Xn] X w. Thus, as F > 0, Y{—oo, ■) = uniformly in y G oJ. 

We now use this to find an increasing exponential bound on the temperature to con- 
trol its behaviour on the left, and thus to reach a contradiction with (13. lip . From (13. ip 

and (ITTT^ : 

Qf 

AL - cAoo = z^g(Aoo) < «^g,/=o(Aoo) - miu ^^{y, 0), (3.12) 

where i'qj=o is defined as the principal eigenvalue of (ll.9p where / is replaced by zero. Let 

.^n,in(^,i^„|fe.O,)>0. 

The positivity of t'qj=o(0) is easily verified from (I1.12p with / = 0. Let A > so that 

df 

Wx < -A, \fy G cU, ^{y, 0)Y{x, y) < e. 

Such a A exists since y(— oo, .) = 0. As a consequence of the continuity of Vq and (I3.12p . 
there exists A > Aoo such that 

1 df 

- i^,,/=o(A) - cA + A^ < -- min My, 0) < -£. (3.13) 

We denote by U the positive function defined by 

r(x,i/) = f/(x,y)e-^^V^^=o,A(?/), 

where i/jj^q^^ is the principal eigenfunction of (ll.9p with the parameter A and / = 0, 
normalized so that ||'?/'/=o.A||L2(aj) = 1- Besides, one has that T{x, y) < Cie~'^°°^ for all x < 
(see (I3.10p ) and thus f/(— oo, .) = 0. It is also easy to verify that we have dnU = on dfl. 
Furthermore, one can check that 

AU + {c- u{y) - 2A)f/, + 2 ^^'^^=°'^ .V^[/ 

Wf=0,A 

+ {A^ -Uqj=o{^)-cA + g{x,y))U = in f], 

where 

9ix,y) = ^A^^^y{x,y) < ^(l/,0)F(x,y) < e 
T{x,y) dT 

for all (x, y) G (— oo, —A] x u. Therefore, we have 

AU + {c- u{y) - 2A)U^ + 2 ^^^^=^'^ .VyU + (A^ - z/g /=o(A) -cK + e)U>Q 

r/=0,A 
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for all {x, y) G (— C)0, —A\ x u. 

Because of fl3.13p . we shall now apply the maximum principle to the previous operator, 
and look for a suitable super-solution. Since e < fqj=o(0)/2 < z/gj=o(0), there exists 5 > 
such that 

5'^ + c5 - Vqj=Q{-5) + £ <0. 

One can then check that the function 

where ipf=o^^s is the principal eigenfunction of (II. 9p with the parameter —6 and / = 0, 
satisfies 

AfJ + (c - u{y) - 2A)Z7, + 2^ffc^.Vj,I7 + (A^ - z/,j=o(A) - cA + £)U 

Wf=0,A 

= {6^ + c6- Ugj=o{~6) +e)U <0 in fi, 

along with Neumann boundary conditions. It follows from the maximum principle that the 
difference U — U can not attain an interior negative minimum. Moreover, U > and one 
can normalize the function ipf=Q^^s so that U{—A,y) < U{—A,y) for all y & uJ. Finally, 
both U and U tend to as s — t- — oo. We conclude that 

Vx < -A, My e CO, U{x,y) < U{x,y). 

In other words, 

Vx < -A, My e u, T{x,y) < e'^^f^oMv) < 7e'", 

where 7 = maXygnjV'/=o,-<5(l/)j and we have reached a contradiction with (13. lip . Therefore, 
the proof of Lemma [3.21 is complete. D 

4 Convergence of some solutions in dimension 2 



In this Section, we begin the proof of Corollarv ll.il Our aim is to find a suitable sequence 
of solutions of fll.l8p - fll.2p and (11. 5p with c > max(0,c*) and h = hk such that it verifies 
the assumptions of Theorem 11.31 As we said in the Introduction, the construction of this 
sequence will echo the proof which was used in [7] to prove the existence of solutions 
of (ll.lSp -f lT^ and (ll.Sp for c > d^. First, we will recall the sketch of this proof. We will 
then show how it allows us, in dimension 2, to obtain Corollary ll.il 
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4.1 Construction of solutions of ( ll.l8l) -( TTT2l ) and ( 11.51 ) - [7] 



We fix here A; G N. We remind the construction of a solution of f ll.l8p -( TL2|) and (ll.Sp 
with h = hk and c > c^ , which is possible for k large enough since c > c* and because 
of Theorem 11.21 The first step, and the only one we will detail here, is to construct sub 
and super-solutions of f ll.l8p -( TTT2|) . Then, the use of a fixed point theorem on bounded 
cylinders allowed us in [7j to construct approximate solutions. Lastly, by passing to the 
limit in the infinite cylinder, we could obtain a solution of (I1.18p -( 1TT^ with the desired 
qualitative properties. This is in fact a standard procedure which has also already been 
applied to show the existence of fronts in [21 13 [11], which is why only the construction of 
sub and super- solutions will be detailed here. We refer the reader to |^ for the end of the 
proof, which will be summed up here by a lemma. 

Supersolutions for Y and T 

Note first that the constant 1 is a super-solution for Y. 

We then construct a super-solution for the T-equation (ll.lSp with Y = 1. Since 
limfc_!._|_oo cjlj = c* < c, we can assume, as already underlined, that c^ < c. Hence, 
let Afe be the smallest positive root of A^ — ^ihf.{\) = cX, and T^ be the function defined 
in Q by 

Tk{x,y) = <Pxdy)e-''''>0- (4-1) 

Here (px^ is the positive principal eigenfunction of (ll.Sp with h = hk and A = A^, normalized 
so that ||0Afci|L2(^) = 1. The function T^ satisfies the Neumann boundary conditions on dVt, 
and is a super-solution for the equation on T in fll.lSp with F = 1, i.e 

ATfe + (c - u{y))Tk,x + f{y, Tk) - hk{y, Tk) 
< ATk + (c - uiy))Tk,x + (^{y, 0) - ^{y, 0)] T, = in H. 

Sub-solution for Y 



The method we use here is the same than in the proof of Lemma 13.11 in Section 13.11 We 
define p the principal eigenvalue of (13. 2p . As before, we choose f3 > which satisfies (13. 3p . 
We also let 7,^. > large enough so that 

7fc X niinxALe > 1, 
where X/9feLe is the positive eigenfunction of ( 13. 2 p with A = /3fcLe, normalized in such a way 

that ||X/3feLe||L°°H = 1- 
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Remark 4.1 Unlike in Section T^. 1\ 7^ indeed depends on k, since we a priori lack for 
estimates on {(f)\f.)km- 

Let Y_f^ be defined by 

Y,{x, y) = max(0, 1 - luXpUvy-^'')- (4-3) 

As in Section I3.1[ one can check that Y_^. is a sub-solution for f ll.l8p -( !L2|) with T = T^ 
and h = hk- That is, y^ satisfies the Neumann boundary conditions on dVt, and for 
any (x, y) G Vt: 

Le-^Ar, + (c - u{y))Y,^, - f{y,T,)Y, > 0. 

Sub-solution for T 

Lastly, we will construct a sub-solution for T with Y = F^. Recall that A^ — ///^^.(A) = cA^. 
We define afc(A) = A^ — fihhi^)- We then show that ^^(Afc) < c. Indeed, since 0^(0) > 
and Xk is the smallest positive root of A^ — /U?jj.(A) = cA, we have a'i^{Xk) < c. Furthermore, 
if a'i.{Xk) = c, then A^ — fJ^hkW ^ cA for all A G M by convexity of a^, whence c^ > c, 
which is a contradiction. We conclude, as announced, that ^^(Afc) < c. 
The above allows us to choose rjk > small enough so that 

<r]k<mm{l3,aXk), ,^ ^^ 

Ek := c{Xk + r]k) - ak{Xk + r^^) > 0, 

where a > such that f{y,.) is of class C^'"([0, Sq]) for some Sq > uniformly in y G U. 
Let M > such that 

df 
f{y,s)>-^{y,0)s-Ms^+", for all s G [0, Sq] and for all 1/ G cJ. (4.5) 

Now take Xk > sufficiently large so that 

Yki^,y) = 1 - 7kXi3Leiy)e'^'^'' for all {x,y) G (x^, +00) x uJ. 
Next, let 6k > large enough so that 

0A,(y)e-''=^ - 40A,+,,(y)e-("'=+^'=)^ < .0 in H, 



0A,(y)e-^^-" - 40A,+,,,(2/)e~^^'^-+'"^-^" < in (-00, x^] x ZJ, 
4efc X m_in0Afe+,,fe > max lkj^iy,0)(px,{y) + Mcpx.iyY^" 



(4.6) 



where (p\f.+rik is the positive principal eigenfunction of (II. 8p with h = hk and X = Xk + rjk, 
normahzed so that ||</'Afc+r/fc||L2(cj) = 1- Lastly, we define, for all {x,y) G Q, 

T,(x, y) = max (O, 0A,(y)e-"^-^ - 6k<f>x,+,,{y)e-^''^'"^') ■ (4.7) 
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The function T_j^ satisfies the Neumann boundary conditions on dQ. Let us now check 
that T^p. is a sub-solution to f ll.lSp with Y = Y_j^. Note first that < T^ < Sq in Vt. 
Moreover, if T_f^{x,y) > 0, then x > Xk > whence < Y_f^{x,y) = 1 — 7fcX/3Le(l/)e~^^'. 
Then, in that case, we have: 

ATfc + (c - u{y))T,^, + f{y,T,)Y, - hk{y,T,) 

> AT, + (c - uiy))T,^^ - ^{y, 0)T, + (^(y, 0)T, - MTl'^'^^ (l - 7.X/3Le(y)e-^^) 



> fte0A,+,,(y)-|^(y,O)0A,(y)7fc-MK,(y)i+°V-(^'=+''^)- 



^, 
9t'" 

because of f l4.4p . fl4.5p . f l4.6p . the fact that /i^ is hnear and since < 0Afc+% {y), 
< X/3Le (y) < 1 in cJ. 

End of the construction of solutions with speed c of (I1.18j) -( ri.2j) and ( II. 5 j) 

We sum up the end of the proof in the following theorem. 

Theorem 4.1 Let Tk, T_f^ andY_j. he defined as in ( |^.ip , ( |^.?| ) and ( l^.gp where the param- 
eters verify the above assumptions. Then there exists a solution (Tk,Yk) of i\1.18^ - i\l.^ 
with (I i . 5p ■ snc/i t/iat T_j^ < T^ < T, anc? Fj^ < Ifc < 1- 

As we said before, this proof relies on the use of a fixed point theorem in a truncated 
cylinder, and then on a passage to the limit, but we refer to f^ for the details. 

4.2 Proof of Corollary [TTI 

We now assume that we are in dimension 2 {d = 2). We want to construct a se- 
quence (Tfc,Yfc) of solutions of (I1.18p - (ll.2p where c > c* and with the conditions (II. 5p . 
such that it verifies the assumptions (ll.20p and (ll.2ip of Theorem 11.31 

That is, we want to find T,, F, and T_i^ sub- and super-solutions defined as in ( 14. ip . (14. 3 p 
and ( 14. 7p . such that there exist < Ai < A2 and Ci, C2, C3 > such that for all A; G N 
and (x, y) G fl: 

Tk{x,y)<C,e~''^^, (4.8) 
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max(0, Cse-^^^' - Cge"^^^') < T,^{x, y). (4.9) 

We first search some Ci > such that condition (14. 8 p is satisfied. Recall ( 14. ip : 

where 0^^ is the positive principal eigenfunction of (ll.Sp with h = h^ and A = A^, normal- 
ized so that ||0Afe||L2(w) = 1- We know from Theorem II . 21 that for any fixed A, the sequence 
of the principal eigenfunctions of ( II. 8p with h = hk and L^-normalization is bounded 
in H^{<jj) and converges in L'^{uj) to the principal eigenfunction ipg^x of ( II. 9p . In fact, one 
could easily check that this result still holds with a sequence A^ — )■ Aoo (see Remark 12.11 in 
Section [2l2|) . Applying this here, that means that our sequence (px^, is bounded in H^{u) 
and converges in L'^{uj) to ipq^x^- Furthermore, since a; C M (we are in dimension 2), we 
can assume, up to extraction of some subsequence, that the convergence also holds in the 
Holder spaces C°'^^/^''~^(U) for all e > 0. Since ipq^Xoo is a positive function (as a principal 
eigenfunction of ( II. 9p ). we have that there exist < Ki < K2 such that for all fc G N large 
enough and y G cJ : 

Ki<<PxM<K2- (4.10) 

With Ci = K2, the condition (14. 8 P is verified. 

We recall that (3 is chosen as in ( 13. 3p . and we now choose 7 > such that (14. 2p holds 
for 7 = 7a;, that is: 

7 X niinX/3Le > 1, 

-fLe-\p{l3Le) - /J^ + c/3Le) x mmXfSLe > i^2max ( t^(z/, 0) ) . 

Then: 

Ykix, y) = Y{x, y) = max(0, 1 - 7X/3Le(2/)e"'^'^) 

is a suitable sub-solution for Theorem 14. II for all k. 

Lastly, we deal with condition (14. 9p . We recall that we defined ak{X) = A^ — fJ^hkW for 
any A G M. We can also define a(A) = A^ — t'g(A). We already know from Theorem 11.21 
that Qk ^ a locally uniformly. Besides, as we did above for at in Section 14. H we have 
that a(Aoo) = cAoo and a'(Aoo) < c (Aoo is the smallest positive root of a(A) = cA). Let 
now 7] small enough so that 

< r/ < min(/3, Aoo, a inf A^), 

fceN 

e := c(Aoo + v) - «(-^oo + r]) > 0, 

where a > such that f{y, .) is of class C^'°([0, Sq]) for some Sq > uniformly in y G cJ. 
Let now rjk = Aoo + V ~ ^k, which converges to r^ as /c — > -|-oo. We then have for k large 
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enough that r^^ satisfies fl4.4p with Sk > ^£ bounded away from 0. Note that we used here 
the locally uniform convergence of a^ toward a. Now let Xq > sufficiently large so that 

Y{x, y) = 1- 'JX(3Leiy)e~^'' for all {x, y) E (xq, +oo) x uJ. 

We assume that k is large enough so that: 

Afc e (Ac 



>00 r, ) ^OO "•" r)/' 



(4.11) 



We recall that (f)\^ converges uniformly in uJ to ipqAx ^he L^-normalized positive eigenfunc- 
tion of (II. 9p . which implied (I4.10p . Similarly, we have that (f)Xf.+Vk ~ 4'Xao+v i^^^ principal 
eigenfunction of (II. 8p with parameter Aqo + v) converges uniformly in uJ to il'q,Xcc+v ^^^ 
L^-normalized positive eigenfunction of (II. 9p with parameter Aqo + V- Therefore, there 
exist < K^ < K4 such that for all A; G N large enough and y EuJ: 



Since Aoo — ^7/2 > 0, we can now let 5 > large enough so that 

- ^2e~(^°°+2)^ - 6X36-^^^+"'^'' < So in H, 
K2e-^^°°-^^^ - 5/^36"^^°°+''^'= < So in H, 
^^g-{Aoo+2)x _ 5;^3e-(Aoo+r?)^ < in (-00, Xo] X UJ, 

ir2e"(^°°" 2)^ - (5ir3e-(^°°+'')^ < in (-00, xq] x cJ, 
^ X i^s > 77^2 ma_x (^{y, 0)] + MKI+". 



(4.12) 



Thus, from (I4.10p . (14. lip and (I4.12p . 5 satisfies ( 10|) with 4 = 5 for any k. We can now 
define, for all (x, y) G f2 and A; G N, 

T,(x,y) = max (O, K(2/)e-''=^ - 5K+..(2/)e-^'^+''^)^) , 



which is a suitable sub-solution for Theorem 14.11 for all A; G N. 

It now only remains to prove that those sub-solutions satisfy (14. 9p . For x < 0, we have 
that T^(x, y) = 0. Thus, if T_y. > 0, then x > and: 

T,{x,y) = 0,^(2/)e-^'=-'-50,,+,,(y)e-(^'=+'"=)- 

One can then easily conclude that 

T;^(x, y) > max (o, iTie-^^--^)^ _ SK^c'^^^+'^'^A , 
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and f l4.9p is satisfied with C2 = -ft'i, C3 = 57^4, Ai = Aqo — 2 ^^^ ^2 = Aqo + ^• 

Finally, our sub and super-solutions satisfy the assumptions needed for Theorem 14.1^ 
which means that there exists a sequence of solutions {Tk, Yk) of (I1.18p - (ll.2p and (11. Sp . such 
that T_i^ < Tk < Tk and Y_^. < Vfc < 1- Furthermore, since T^ and Tk satisfy the conditions 
(14. 8 p and (14. 9p . the sequence (Tfc,Yfc)A;eN satisfies the assumptions ( ll.20p and (ll.2ip of 
Theorem II. 3 [ hence the proof of Corollary II. II is now complete. D 
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